VNOI Cup 2023 - Vong Chung Két
Ha Long, Viét Nam, 22 thang 7, 2023

Bai toan A. xuanquangl1999 va Qua trinh chon loc dé bai
Ta dinh nghia vi trf i 14 dep néu nhu a; < a;41 (nghia la ta c6 thé thyc hién phép bién doi tai vi tri 7).

Gia st ta thyc hien phép bién déi & vi tri dep 4. Xét bén sd nguyén a;_1, a;, a;+1, a;12. Sau khi thyc hien
phép bién doi, ta con ba so6 nguyén a;_1, a; + a;+1, a;+2. Ta cd cac nhan xét sau:

e Néui—11avi tri dep truSc phép bién ddi (a;_1 < a;), thi vi trf nay vAn dep sau phép bién déi (do
ai—1 < a; + aiy1).

e Néu i+ 11a vi trf dep trude phép bién déi (a;11 < airo), thi vi tri nay c6 thé khong con dep sau
phép bién ddi (do a; + a;11 chua chic nhé hon a;12).

e Céac vi trf j trude phan ti a;_1 va sau phan tit a;42 van sé giit nguyen tinh chat dep (hodc khong
dep), do khong bi anh hudng gi bsi phép bién doi trén.

Do dé6, cach thuc hién phép bién déi t6t nhéat luon 1a lwa chon vi tri dep cudi ciing dé thuc hien phép
bién ddi (khi d6 viéc bi mat vi trf dep sé khong xay ra). Dong thoi, do khong c6 them vi tri dep xuét
hién sau vi tri thuc hién phép bién doéi, nén ta chi can duyét i tit n — 1 ngude vé 1, va thuc hien phép
bién déi néu vi tri i dep.

Do phiic tap: O(n).

Bai toan B. TrungNotChung va Céng tac chuin bj ki thi

Dép an 1a “NO’’ néu ton tai cap chi s6 4, j (i # j) thda man mot trong hai diéu kieén sau:

® pi =Dpj Va g # q;.

® pi #Dpj Va g = qj.
Ngugc lai, v6i k 1a s6 cip (p, ¢) phan biet, luon ton tai dap 4n vé6i ¢ nhd nhat bang k + 1. V6i cac hang
ban dugc thi sinh lya chon, t,, c¢6 thé nhan gia tri bat ki tit 1 dén k sao cho khong c6 hai hang nao cé

chiéc ban cung chiéu cao. Cac hang man hinh dugc thi sinh lya chon s& mua man hinh c6 chiéu cao: my,
— k41—t

Véi cac hang ban v man hinh khong c6 thi sinh nao Iita chon, chiéu cao clia man hinh va ban mua & cac
hing nay c6 thé nhan gia tri bat ki tit k& + 1 dén 10° sao cho khong c6 hai hang c6 chiéc ban hodc man
hinh cling chiéu cao.

Bai toan C. ngfam lam Hoa Tiéu

Tt dinh nghia ctia dé bai, ta thay mot dinh v duge goi 1a centroid néu cay gdc u khong ton tai cay con
v (v # u) sao cho cay con goc v ¢6 it nhat % dinh.

Subtask 1: n < 100.

O subtask nay ta c6 sé tan dung t6i da phép toan adj dé dung lai cay gbc. Ta duyét qua lan lugt cac
dinh tir 2 t6i n. V6i mdi dinh u duge 1dp qua, ta sé tim dudong di tit dinh hién tai (goi la r) t6i u bang
cach lién tuc truy van:

1. adj u (trd vé k)
2. move k

3. Ganr = k
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Qua mdi budc move, ta c6 thé them (u, k) vio danh sach canh ciia do thi. Sau khi c6 do thi, ta c6 thé
duyeét qua toan bo céc dinh va kiém tra diéu kién centroid nhu mé ta va di chuyén t6i dinh do.

S6 cau héi can thiét: O(n?)
Subtask 2: n < 1000.

Véi gi6i han ciia subtask nay, ta nhan thay viéc dung lai do thi gdc 1a khong kha thi. Vi vay ta can mot
céach tiép can dé di t6i centroid khong thong qua cau tric do thi.

Stt dung nhan xét & phan dau, ta thay néu dinh r ta dang diing khong phai centroid, ta luon c6 it nhat
1 co hoi tim duge mot dinh ngau nhién ma dinh d6 nim trong cay con goc centroid.

Do dé ta c6 thé sit dung thuat toan ngdu nhien, ldy mau m dinh béat ki chua duge chon va kiém tra xem
cay con chifa cac dinh d6 c6 kich thudc it nhat % hay khong. Néu c6 thi ta sé di chuyén t6i dinh do.
Nhan xét: Khoang cach tit mot dinh bat ki trén cay t6i centroid luon khong qua . D& thay néu khoang

cach nay l6n hon 7, thi nhanh con chita r trén cay gdc centroid chita toan bo cac dinh trén duong di,

tuong duong it nhat § dinh.

Két hop cach tiép can ngau nhién va nhan xét trén ta co thé lap lai cac budc sau cho t6i khi di téi
centroid:

1. LAy mau m dinh, véi mdi dinh ta héi adj va subtree dé kiém tra nhanh con c6 chita centroid hay
khong

2. Néu ton tai nhanh con chita centroid, diing phép move t6i nhanh con dé

Ta c6 thuat toan sit dung O(mn + ) v6i ti 1¢ sai clia mo6i bude la 27™.

Dé dam béo tinh ding din, ta can it nhat m = 30 dé dat dugc ti ¢ sai dii nhé, tuy nhién sé khong du
dé thuc hien trong giéi han dé bai.

Dén day ta c6 thé tdi wu theo nhiéu cach khac nhau, mot trong sb6 do la:

1. Sau mdi budc di, ta bé dan cac dinh da di qua khoéi danh sach 14y mau. Madi lan danh sach lay mau
nhé di 2 1an, ta sé giam m di 1

2. Thay vi héi subtree cho cd m lan 1y mau, ta sé hoi 1y toan bo nhanh tit adj va chi héi subtree
cho nhanh chita nhiéu mau nhat.

Subtask 3: n < 10000.
Cach gidi 1: Cdi tién thuat todn random & bén trén.

Nhan thay thay vi sau mdi budc ta thuc hien 1dy mau dé tim huéng di tiép theo, ta c6 thé st dung mot
dinh dich dé thuc hién nhiéu buée di mot lic.

1. Tai mdi thai diém ta chua c6 huéng di, ta thyc hién lay miu cho t6i khi tim duge huéng di (dinh
target sao cho nhanh con chita target c6 it kich thude it nhat 5

2. Di theo huéng t6i target cho t6i khi nhanh con chita target khong con c6 kich thuge it nhat 5

Nhu vay v6i mdi budc move ta sé tén 3 phép toan: [adj, subtree, move], trong d6 subtree dé ddm bao
ta khong di vo nhanh sai. Nhu vay ta ton t6i da 2 cho viéc di chuyén.

Nhu vay ta c6 555 phép toan dé lay mau vi dam bao ta luon tim dugce centroid véi xéac suat sai rat nho.
Cdch gidi 2: Lot gidi cia anh RR.

Nhan xét: V6i moi goc v khong phai centroid, ton tai mot va chi mot nhanh con chita centroid. T do,
ta luon biét chic chan nhanh con chita centroid 1a cdy con trong cay gbc u chita nhiéu dinh nhat.

Tu nhan xét trén, ta c6 thuat toan sau:
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1. Liét ké két quad clia truy van subtree cho tat ci cac dinh trén cay goc 1

2. Sap xép lai danh sach cac dinh theo két qui truy van gidm dan, goi day dinh két qui la
ar = 1,as, ..., an.

3. Di chuyén lan lugt tit a; t6i as, as t6i as, ..., ax_1 t6i a v6i ai 1a dinh cudi cling c6 két qua truy
van 16n hon hogc bang 4. Va a;, cling chinh 1a centroid ta can tim.

Bai toan D. darkkcyan va Quy hoach vi tri thi sinh
Subtask 1: m < 5000.

O subtask nay, ta duge phép tinh lai dap an trong O(m). Dé thuan tién cho viéc tinh toan, ta them mot
day mang noi gita 0 va n + 1.

Ta goi day mang x 1a con clia y néu y 1a day mang ¢6 u, 16n nhat thod man u, < uy < v, < vy.

Xét mot day mang y c¢6 cac con la xq,T9,..., 7, thi s6 day mang 1a con clia y ¢ thé ndi them la
k
Uy — Uy — 1 — > o (Vg — Uy, + 1 e ) Lz . » .
cnty = Y Y ZZ*I( i i ) . Dap an ctia bai toan chinh la tong cac cnt, véi moi day

2
mang c6 s&n.

Ta sap xép cac day mang tang dan theo vi tri clia mut trai. Ta sé duy tri mot ngan xép gom céac day
mang 1ong nhau. Khi thém mot day mang x, truéc hét ta loai bé hét cac day mang y ndm & dinh ngan
x€p ¢6 vy < ug. Sau budc nay, day mang y ¢ dinh ngén xép (néu co) sé la cha ctia . Thém z vdo ngan
xép va tiép tuc thyc hién qué trinh nay véi cac day mang con lai.

Subtask 2: u; > u;41 v6i moi 1 <i < m.

O subtask nay, cha cia mot day néi sé thay ddi nhidu nhat mot lan. Ta sé ding std: :set S dé luu cac
day ndi I con ciia (0,n + 1). Khi thém (u;,v;), ta chit nhi phan trén S (ham lower_bound) dé tim céc
con clia day ndi nay, sau do6 loai bd chung va them (u;, v;) vao S.

Subtask 3: khong c6 gidi han gi thém.

Xét cac day ndi sau khi them day ndi thit m, ta dung mot cay T thé hién quan hé cha con ciia cac day
no6i (viec dung cay da duge trinh bay & subtask 1). Thay vi thém dan céc day ndi vao tap, ta sé lam
ngudc lai tic 1a loai bé dan cac day ndi tit m vé 1. Trong qua trinh nay, ta can biét cha hién tai ctia mot
day ndi dé cap nhat két qua, dé dang thiy rang cha can tim la t6 tién gan nhat chua bi loai b & trén
cay T.

O day trinh bay mot cach lam ding DSU (Disjoint Sets Union). Khdéi tao mot DSU gom m dinh tuong
ting véi cac day noi. Goi par[z] la day noi cha clia mot day ndi x trén cay T. Duyet x tit m vé 1, thuc
hién n6i canh par|x] — z trén DSU, cha hién tai ctia z sé 14 dinh ¢6 do sau thap nhét trong thanh phan
lién thong chia x.

Luu ¥ rang ta can cap nhat mang cnt sau moi thao tac ¢ subtask 2 va 3.

Bai toan E. Lanh va Qua trinh phan phat ao VNOI cup

Ta thay, véi mot bang xép hang gom day du m vong, ban t6 chiic sé liya chon s6 k nhu sau:
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e Goi r[i] 1a thit hang t6t nhat ctia thi sinh thit i sau m vong, va c[j] 1a s6 lugng thi sinh i thda méan
rli] =j.

e Ban t6 chiic sé chon s &k 16n nhat, théa man c[1] + ¢[2] + ... + c[k] < s.

Subtask 1: n,m < 8.

O subtask nay, ta chi can duyét qua toan bo n! kha nang c6 thé xay ra va tinh toan thi hang tét nhét
clia tit ci cac thi sinh.

Subtask 2: n,m < 500.

Ta thay, diéu kien dé thi sinh tht ¢ nhan 4o sau m vong la ton tai it nhat n — s thi sinh j khac ma
r[j] > r[i].

Goi 7o[j] 14 thit hang t6t nhat ctia thi sinh 4 sau m — 1 vong. Ta thay, c6 ba kha ning c6 thé xady ra &
vong tha m:

1. Thi sinh i dat thit hang x < roli]:

Gia st ¢6 a thi sinh j ¢6 r3[j] > x (khong gom thi sinh ¢) thi phai ¢6 it nhat n — s thi sinh trong
do6 dat thit hang 16n hon z § vong thit m.

Ta c6 thé xem xét bai toan nay nhu sau: cho n ngudi va n ghé ngdi, trong dé c6 a ngusi xau va
n —a — 1 ngudi tot. Biét ghé ngdi thi x di c6 ngudi, hay sap xép n — 1 ngudi con lai vao cac ghé
ngoi, sao cho ton tai ding b ngudi xau ngodi bén phai ghé thi x.

Ta c6 (™,*) céch chon vi trf cho b ngudi xau bén phai ghé z, (i:})) cach chon vi trf cho a — b nguoi
xau bén trai ghé x, con nhitng ngudi tét c¢6 theé ngdi tuy ¥. Vi vay, dap an cho truong hgp nay 1

() () el (o=

a
Tinh tong tat c& céc trudng hop, ta duge dép an a!- (n—a—1)1- > (",°) - (ij})
b=n—s
2. Thi sinh i dat thi hang x = rai]:
Gid st ¢6 a thi sinh j ¢6 72[j] > ro[i] thi phai ¢6 it nhat n — s thi sinh trong dé dat thi hang lén
hon 79[i] & vong thi m.
a
~ ~ . Lz — -1
Lap luan tuong tu kha nang 1, ta duge dap an a!- (n —a —1)!- . > (M) (D)
=n—s
3. Thi sinh i dat thd hang x > rofi]:
Tuong tu truong hgp 2, gid st ¢6 a thi sinh j ¢6 r3[j] > re[i] thi phai ¢6 it nhat n — s thi sinh trong
d6 dat tha hang 16n hon r3[i] & vong thi m.
Ltic nay, bai toan clia chiing ta sé thay doi doi chiit: cho n ngudi va n ghé ngdi, trong dé c6 a ngudi
Xau va n — a — 1 ngudi tot. Biét ghé ngdi thit 2 da c6 ngudi, hay sap xép n — 1 ngudi con lai vao
cac ghé ngoi, sao cho ton tai ding b ngudi xau ngoi bén phai ghé thit roi].
Ta c6 ("77"217["]71) cach chon vi tri cho b ngudi xau bén phai ghé roi], (22_[211) cach chon vi tri cho a —b
ngudi xau bén trai ghé r[i], con nhitng ngudi tot c¢6 thé ngdi tiy y. Vi vay, dap 4n cho trudng hop
nay la ("77"21)[1]71) : (TQ[ZA) cal-(n—a—1)L

ae
a . .
Tinh toéng tat ci cic trudng hdp, ta duge dap an a!- (n —a —1)!- > ("77"217[’]71) . (22_[%)

b=n—s

Ta duyét qua tat ca cac thi sinh, sau dé duyét qua céc thit hang cé thé x4y ra & vong thit m ciia thi sinh
i, v duyét them mot 1an nita dé tinh t6 hop. Vi vay, do phiic tap ctia thuat todn nay la O(n?).

Subtask 3: n,m < 2000.

Chiing ta sé xem xét ci tién titng truong hop:
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1. Thi sinh i dat thit hang x < roli]:

Tit 161 gidi cia subtask 2, ta c6 thé thay cong thitc tinh khong phu thudc vao ro[i], vi vay ta c6 thé
cai tién trudng hgp nay bing tong tién t6, thay vi duyét qua toan bo thit hang x < roi].

2. Thi sinh i dat thd hang x = rafi]:
Day 1a mot truong hop riéng 18, ta khong can phai téi wu truong hgp nay.

3. Thi sinh i dat thit hang x > rali]:
T 161 gidi clia subtask 2, ta c6 thé thay cong thiic tinh khong phu thuoc vio tht hang = ma chi
phu thugc vao rofi], vi vay ta chi can nhan dap 4n mot truong hgp cho (n — r[i]) thay vi duyet
toan bo thit hang x > rofi].

Véi nhitng cai tién trén, ta dat duge do phiic tap cudi ciing 1a O(n?).

Bai toan F1. FireGhost va L4t cit hoan hao 1

Trude hét, nhan xét sau rat quan trong véi moi subtask clia cd F1 va F2: moi cach cit théa man déu
chia chu vi miéng banh thanh 2 phan c6 do dai bang nhau. Day 1 vi chu vi ctia mdi phan bao gom do
dai ctia da giac & trong phan dé, cong cho do dai canh cit; vi do dai canh cit nam trong ci chu vi hai
phan, ta chi can do dai ctia da giac ¢ hai phan bang nhau dé c6 chu vi ctia hai phan da giac bing nhau.
Néi cach khac, néu P, Q 1a hai diém c#t trén miéng banh thi P va Q la diém déi cuc ciia nhau. Dé thay
véi mdi diém P, diém déi cuc Q 1a duy nhét.

Chiing ta sé cling xem mot cach lam kha don gian ctia bai F1 truéec ma c6 thé ap dung cho moi subtask,
nhung ma cach lam nay khong thé 4p dung véi bai F2. Goi ham f nhan mot diém P trén da giac c6 ¥
nghia nhu sau:

e Lay diém Q la diém déi cyc ctia diém P trén da gidc. Ham f(P) c6 gia tri bang dién tich phan

banh bén trai theo huéng vecto PZ) trr dién tich phan banh bén phai theo huéng vecto P_Q khong
lay dau tri tuyét doi.

214

Phan banh bén trai vecto FG ¢6 mau dé, va phan banh ben phai vectd ¢6 mau xanh. Vi thé,
F(F) =194 214 = -2,

Nhan xét: v6i diem P bat ki trén da giac va diém Q 1a diém ddi cuc ciia diém P, ta ¢6 f(P) = —f(Q).
Day 1a vi phan banh bén trai vects PQ 1a phan banh bén phai vecto QP; tuong tit, phan banh bén phai
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vectd PQ la phan banh beén trai vects QP. Vi thé, theo dinh nghia clia ham f, ta c¢6 didu phai ching
minh.

Bdi thé, néu ta c6 diém A nao dé di doc chiéu kim dong ho trén bien da giac tit diém P véi diem Q, ta
nhét thiét phai c6 mot vi trf ndo d6 ma f(A) =0 (do f(P) va f(Q) trai dau). Do d6, do chénh dien tich
nho nhéat c6 thé dat duge luon bing 0. Ta ciing c6 ludn mot thuat toan chat nhi phan dé tim diém A sao
cho f(A) bang 0 nhu sau.

e Khdi tao diém A := P va B := Q. O day, gia stt f(A) >0 (va vay thi f(B) < 0).

e Lip lai thao tac sau day nhiéu lan: chon diém C n3m “chinh giita” trén duong di tit A theo B theo
chiéu kim dong ho. Néu f(C) > 0, gan A := C; ngudc lai, gan B := C.

e Khi hai diém A va B di gan (hodc sau khi lip di s6 1an can thiét), in ra diém A.

Ta nhan thay sau mdi budc clia thao tac trén, ta ddm bao dugc rang f(A) > 0 va f(B) < 0, trong khi
khoang cach tit A t6i B theo chiéu kim dong hod gidm xudng mot nita. Vi thé, sau du thao tac, A va B
sé c6 khodng cach di gan dé c6 f(A) ~ 0.

Vé cach cai dat, cach biéu dién mot diém P bat ki trén da gidc don gidn nhat 1 sit dung mot s6 thuc
mo ta khoang céch tit dinh 1 t6i diém P theo chiéu kim dong ho. Ta chi can cai dit them hai ham sau:
ham tim diém déi cyc ctia mot diém bat ki trén da gidc va ham f (hodic tuong tur 14 ham tim dién tich
phan bén trai va phan bén phai). Hai ham nay c6 thé duge cai dit trong do phitc tap O(n), va vi vay
bai toan ciia chiing ta da dugc gidi quyét trong do phiic tap O(nloge™!) véi e 1a do chinh xéc can co.

(Ban nao muén tim hiéu thém vé bai todn cé thé doc vé dinh lj Borsuk-Ulam va phuong phdp tim nghiém
bisection.)

Bai toan F2. Tahp va Lat cat hoan hao 2
Subtask 1: n = 3.

V6i diéu kieén miéng banh c6 dang hinh tam giac, ta c6 thé tim 14t cit t6i wu bing cach gidi phuong trinh
bac hai. Cu thé, gia sit 2 diém cit P, Q nim trén 2 canh AB, AC.

Ta c6 nhitng diéu kién sau:
o AP+ AQ = ABEBCHAC _
e AP < AB
e AQ < AC
o AP AQ — 4BAC| = |AP - AQ — s| nhé nhat/16n nhat c6 thé.
Gia sit AP - AQ = q thi AP, AQ sé la hai nghiém ctia phuong trinh bac hai 22 — pz + ¢ = 0 (theo dinh

ly Viete). Vay ta phai tim ¢ sao cho |g — s| nhé nhat c6 thé va 22 — pr + ¢ = 0 ¢6 hai nghiem 21 < AB,

Gia st AB < AC, diéu kién trén tuong duong véi:
o p— VA < 2AB
e p+ \/Z < 2AC

trong d6 A = p? — 4q.

Tir hai diéu kién tréen, ta c6 thé tim ra gisi han clia g, tit d6 tinh dudc gia tri cia AP, AQ tuong tng.

Ngoai ra, ta ¢ thé tim ¢ bang phuong phap chia tam phan.
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Subtask 2: n < 500.

Gia st 2 diém cat P,Q lan lugt ndm trén cdc canh A;A;11 v AjA;11, khi "di chuyén"diém P trén canh
A;A; 1 sao cho diém @ tuong tng vAn nim trén canh A;A;.1, ta c6 thé ching minh dién tich phan banh
bén trai vector P_Q c6 dang parabol (phan chitng minh cy thé xin nhuong lai cho ban doc). Do vay, dé
giai bai todn F2, ta chi can tim diém P sao cho dién tich tuong ting clia phan banh bén trai 16n nhat/nho
nhat. Tuong tu, voi bai toan F1, ta can tim diém P sao cho dién tich gan véi £ dien tich banh nhat. Ca
2 phan déu c6 thé duge gidi quyét bing cach dung phuong trinh parabol hoic chia tam phan.

Tém lai, ta c6 thé giai hai bai toan F1 va F2 nhu sau:

e V6i mdi dinh A; trén da giac, tim diém déi cuc B;. Sip xép lai tat ca 2n diém nay, chia chu vi da
giac thanh 2n doan.

e Trong mdi doan, tim diém P sao cho khodng cach dién tich giita 2 miéng banh 1a t6i wu bang céch
dung phuong trinh cho dién tich ho#c chia tam phan.

Phan tim diém déi cye va tinh dién tich c6 thé duge cai dat trong do phiic tap O(n), do dé do phiic tap
clia thuat toan nay 1a O(n?) hogc O(n?loge™1), trong d6 e = 10712 1a sai 86 t6i da.

Subtask 3: Khong cé gidi han gi thém.

Dé giai subtask cudi cling, ta can t6i wu thuat toan & subtask 2.

Trude hét, ta c6 thé tim diém doi cuc trong O(logn) bing cach chuan bi trude téng cong don ciia do dai
cac canh da gidc, két hop vé6i ki thuat chia nhi phan.

Tiép theo, ta c6 thé tinh nhanh dién tich ctia mot phan miéng banh trong O(logn). Gia stt ta can tinh
dién tich cta da gidc PA;Aj4q1--- A;Q. Ap dung shoelace formula (tam dich: cong thic buoc day giay),
ta co:

Area(PA;Aiz -+ A;Q) = §(cross(P, Ay)+cross(A;, Aig1)+- - ~+cross(Aj_1, Aj)+cross(Aj, Q)+cross(Q, P))
trong do cross(P, Q) = xpyg — zQyp-

Diat  pref; = cross(Ag, A1) + cross(A1,As) + -+ 4+ cross(4,-1,4;), ta b
Area(PA;jAit1---A;Q) = %(cross(P, A;) + pref; — pref; + cross(A;, Q) + cross(Q, P)).

Vi 2 t6i uwu trén, ta c6 thé cai dat thuat todn & subtask 2 v6i do phiic tap O(n) hodc O(nloge™!), di
dé giai subtask 3.

Bai toan G. MofK va Lip dit thiét bi

O bai nay, ta cAn tim mot thi tu topo cia cay [ur,ug,...,uy] saochon-uy +(n—1) - ug+---+1-u,
13 nhé nhét cé thé.

Subtask 1: a,, < a; v6i moi 2 < i < n.

O subtask nay, d& dang nhan thay thi tu topo ti wu phai théa man a, < a, néu u ding trude v trong
thit ty topo. Vi thé, ta c6 thé st dung std: :priority_queue (hoic don thuan la sip xép cac chi sb clia
day a) dé tim dap an trong do phitc tap O(nlogn).

Subtask 2: n < 2000.

Ta c6 khang dinh sau (sé chitng minh § nhitng subtask sau, nhung khong can thiét cho subtask nay):
mdi cay con ton tai mot thi tu topo tét nhat ctia cay con do, va thi tu nay khong doi ké cd sau khi thi
tu ciia cdy con nay da duge hop vdi thit tu cdac cay con khdc. N6i cach khéc, v6i mdi cay con, ta chi can
quan tam t6i mot thit tu topo t6i wu duy nhat.

St dung khing dinh trén, thi tu topo t6t nhat ciia cay con goc u bao gom dinh « dau tien, sau dé la
hop clia cac day thit tu topo tot nhat ¢, to, ..., 1, clla cAc cay con goc vy, s, ..., v 14 con triyc tiép cla
u. Nhan xét rang vi ta c6 thé xdo tron cac day ti,to,...,t, tity ¥ (mién sao la giit cdc phan ti thuoc
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cting diy theo ding tht tu), ta c6 thé thyc hien quy hoach dong knapsack trén cay dé hop cac day nay
nhu sau:

e VGi day a va b bat ki, goi dp; j 1a cost nho nhat néu ta hop ¢ phan tt dau ctia a va j phan ti dau
ctia b. Nhu thé thi dp; ; = min(dp;—1,; + s - a;, dp; j—1 + s - bj) voi s = |a] + |b] — (i +j — 1).

e Sau khi tinh dp, s, ta c6 thé quay lai truy vét dé dua ra cach hop déy a va b t6t nhat.

Vi do phiic tap ctia mdi bue quy hoach dong nay 1a O(Ja|-[b]), bai toan duge giai véi do phite tap O(n?).
Subtask 3: Ton tai 3 < k < n sao cho p, = 1; con lai, p; =i — 1 v6i moi 2 <i <n, i # k.

O subtask nay, cay c6 dang hai day ndi véi nhau tai goc 1. Béi thit ty topo ciia hai day nay da duge xac
dinh, gid st hai thi tu ndy dugc biéu dién bang hai mang a va b, ta can tim cach hgp hai mang a va b
thanh mang ¢ t6i wu nhat véi do phic tap hop 1.

Dau tien, nhan thiy rang v6i hai phan tii ké tiép nhau trong ¢ la ¢; = agy va ¢;iq1 1a by, néu ay > by thi
vige hoan déi vi trf hai phan ti nay trong ¢ (¢; = by, ¢i+1 = ag) s& dua ra két qua t6t hon. Ta c6 thé
tdng quat héa nhan xét nay nhu sau: néu ton tai hai diy con ciia @ va b nim lién tiép trong c (ttc 1a day
ccodang [...,ai, Gix1s- -, a5, bk, bgt1, ..., by, ... ]), néu trung binh cong cta day con tit a 16n hon trung
binh cong day con tit b (tic la ai+a;tli:1"+aj > b”bl’ﬁéii"w
day c tot hon.

), viec hoan déi vi tri hai day nay sé dua ra

Tt d6, ta c6 nhan xét quan trong sau: néu a; > a;11, hai phan ti nay sé di ké nhau trong day c. Gi st
diéu nay khong dang, nhu thé thi day c sé ¢6 dang [...,ai, bj,bj41, ..., bk, aiy1,...]. Xét hai trudng hop
sau:

e Trung binh cong clia cdc phan ti b & gitta bé hon a;. Trong trudng hop nay thi day
d=[..,bj,bjt1,...,bg,ai,ai+1,...] tot hon day c.

e Trung binh cong ciia cic phan tit b & gitta khong bé hon a;. Trong trudng hop nay thi day
d = [ ey G, Ay, bj, bj+1, ey by ] tot hon day c.

Thé nén ta c6 thé “dan” hai phan tit a; va a; 1 nay thanh doan con clia a; ta lién tuc tién xi 1y a nhu
thé nay thi cudi ciing ta sé thu duge mot day cac doan con da duge dan lai, va nhan xét quan trong la
trung binh cong clia cdc phan ti tao thanh cac doan con nay l1a ting dan. Tuong tiy, sau khi tién xit Iy
b thi ta ciing thu dudc mot day cac doan con duge dan lai c6 trung binh cong ting dan. Viéc cudi cling
ta can lam 14 ghép cic doan con dudce dan nay theo thit tyr trung binh cong ting dan dé thu duge diy c.

Ta da tim dugc cach ghép hai day topo a va b trong do phiic tap O(|a| + |b]). Vi thé, subtask nay da
dugc giai v6i do phic tap O(n).

(Tuy khong can thiét cho thuat todn trén, ta con cé thé ching minh thém la thi tu thuc hién thao tdc
ddn tréen khong dnh hudng téi day cic doan con cudi ciing cé thé thu dudgc.)

Subtask 4: khong c6 gidi han gi thém.

Do nhan xét trén, mdi cay con khong nhitng chi c6 mot thit ty topo t6t nhat, ma ta c6 thé biéu dién
thit tu topo nay dudi dang cac doan con ma c6 trung binh cong ting dan. Ta cé thé st dung ciu tric
dit lidu std: :set hay std: :priority_queue dé luu cic doan nay (vi von di cic cau tric dit lieu nay da
sdp xép gia tri tang dan). Khi hgp hai cay con lai v6i nhau, ta c6 thé hgp cach biéu dién doan lai, 4p
dung phuong phap small-to-large dé dam bao do phiic tap cudi ciing. Ngoai ra, sau khi hop cac cay con
tryc tiép clia cay con gbc u, ta can phai thém gia tri gbc u vao dau thit tit topo; diéu nay c6 nghia ta
can phai stta mot sd doan con ¢ dau cau tric dit lieu dé thu duge cach biéu dién doan ctia toan bo cay
con gboc u. Vi thé, bai toan da dugc giai véi do phitc tap O(nlog? n).

(Ngoai ra, viéc st dung mot s6 ciu tric di lieu dic thu hé trg merge trong O(logn) nhu leftist heap,
randomized heap, hay treap cé thé dua do phic tap ruong O(nlogn).)
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Bai toan H. Kuroni va Nhirng chia sé vé qua trinh ra dé VNOI
Cup

Subtask 1: n < 20, ¢ < 1000.

O subtask nay, ta c6 thé giai bai toan bing cach quy hoach dong bitmask truéc moi trang thai ctia day.
Goi dppmsk 12 gia tri 16n nhat c6 thé dat duge néu day bat dau dugce biéu dién bing bitmask msk; ta co
thé tinh trudc moi dap an v6i do phiic tap 1a O(n - 2). Vi thé, subtask nay c6 thé gidi duge trong do
phtc tap 1a O(n - 2™ + q).

Subtask 2: n,q < 1000.
Nhan xét dau tién ciia ching ta la néu ta c6 thé gidi duge bai toan véi day b nhi phan, ta c6 thé giai
dudc bai toan véi day b bat ki bang cach ap dung phuong phép chat nhi phan dap an; & mdi lan chat
nhi phan, ta can truy van néu dap an ciia doan con trong truy van c6 16n hon ho#c bang = hay khong.
O mbi phan chit nhi phan nhu thé, doan con sé bién thanh day nhi phan véi mdi gia tri bing 0 hodc 1
tlily thuoc vao viéc phan tit ban dau c6 16n hon ho#c biang z hay khong.
Muyc tiéu ciia chiing ta bay gis 13 tim cach gidi mdi truy van cho day b nhi phan trong do phiic tap 1
O(n). Béi day b nhi phan, v6i mdi truy van ta chi can kiém tra xem doan con ctia truy van dé c6 chuyén
ve 1 duge hay khong.

Ta cé mot sb nhan xét tham lam sau:

n

e Néu van con ton tai ba s6 0 lién tiép, ta thuc hién thao téc trén ba s6 0 nay dé bién thanh mot sd
0

e Con lai (gid st mang van con gia tri 0) ta muén thyc hién thao tac trén ba phan ti lién tiép ma
trong d6 c6 it nhat mot gia tri 0 v mot gid tri 1. Thao tac nay tuong duong véi viec “chon hai
phan tit 0 vd 1 ndm canh nhau va xo04 hai phan ti nay”. Vi thé, khi roi vao trudng hgp nay, ta tim
cap 01 dau tién va x6a né di (ta khong tim cip 10 dau tien vi & truong hop 1001..., ta sé mudn gia
tri 0 dau tien ndi véi ... dé c6 thé tiép tuc tao ra ba s6 0 lien tiép).

Hai nhan xét trén dan tdi thuat toan dung stack sau. Bat dau vdi stack S réong, ta duyét qua cac phan
t1 tU trai sang phai. V6i phan tit hién tai 1a by:
e Néu stack hien tai dang rong hay két thic bing s6 1: day b, vao dudi stack.

e Néu stack két thic bing mot s6 0: néu b, = 1, x6a s6 0 & dudi stack; ngudc lai, ddy b, = 0 vio
stack.

e Néu stack két thiic bang hai s6 0: bat ké b, 1a gi, x6a s6 0 & duoi stack.
Dé dang nhan thay dap an la YES chi § cac truong hop sau:

e O bat ki thoi diém nao, S = [1,1]. Day 1a vi ta c6 thé xit Iy cac phan ti ding sau dé bién vé gia tri
bat ki z, roi thyc hién thao tac cudi cung véi day [1,1, z].

e Sau khi chay hét day, S = [1].

(Luu § 1a néu stack két thic 1a S = [1,0,0] thi dap an 1a NO.)

Ta c6 thuat toan véi do phic tap O(nglog(maxb)) hay O(nglogn).

Subtask 3: n,q < 100 000.

Tuong tu nhu subtask 2, ta sé tim céch giai bai toan véi mang b nhi phan trudc; sau dé, bai toan c6 thé
duge gidi bang viéc ap dung phuong phap chiit nhi phan song song dé tim dap an. Muc tiéu ctia ching
ta 1& tim cach giai mot doan con chi toan gia tri nhi phan trong do phic tap O(logn) st dung segment
tree.
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Tuy thao tac duge mo ta trong subtask 2 khong cé tinh chat két hop nén ta khong thé ap dung segment
tree ngay lap tic, ta c6 mot sdé nhan xét sau:

e 0 moi thoi diém, toan bo gia tri 1 ctia S ding trude toan bo gia tri 0.
e O moi thdi diém, S chia nhidu nhét hai gia tri 0 6 duoi.
Béi thé, ta chi can quan tam t6i 9 trang thai (that ra 1a 7) sau ctia S, duge biéu dién bang hai s6 sau:

e S6 lugng s6 1 6 dau S (bang 0, bang 1, hodc 16n hon hodc bang 2).

e S6 lugng s6 0 6 duoi S (bang 0, bang 1, hodc bang 2).

Dya trén nhan xét nay, ta c6 thé luu 9 (hoic 7) thong tin sau trong mdi nit segment tree: néu stack
S bat dau vdi trang thai ¢ (1 < i < 9), thi sau khi thém cac phan tit trong doan theo thit tiy, stack S
sé két thic v6i trang thai ndo. Stt dung céc thong tin nay, ta cé thé gidi mdi doan con nhi phan trong
do phtc tap O(logn). Cung véi viéc chat nhi phan song song, bai toan da duge gidi véi do phic tap
O((n + q)log®n).
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